The growth and three-dimensional deformation of a disturbance wave in the laminarturbulent transition of a radial liquid sheet flow are studied. The radial liquid sheet is formed by the release of a radial liquid film flowing on a disk from the edge of the disk to still air. When the Reynolds number is large, a concentric disturbance wave appears and grows downstream on the free surfaces of the liquid sheet. The disturbance wave is induced by an unstable disturbance attributed to an inflectional velocity profile inside the liquid sheet. The detailed observation of a disturbance wave excited by a supersonic wave reveals the growth and three-dimensional deformation of the disturbance wave.
Introduction
A liquid sheet with a uniform velocity profile atomizes with fluttering because of Kelvin-Helmholtz instability caused by the interaction between liquid and ambient gas. There have been various investigations of this instability (1) - (3) . However, few studies have been carried out on instabilities of liquid sheets with velocity profiles except a uniform velocity profile although it is widely known that mixing layers, jets and wakes in single phase flows are generally unstable because of velocity profiles with inflectional points. In order to develop or improve atomization devices, it is important to understand the instability induced by a velocity profile with an inflectional point (inflectional velocity profile) because it is expected that the instability leads to a new atomization phenomenon.
We have reported that a concentric wave appears on a radial liquid sheet, which is formed by the release of a radial liquid film flowing on a disk to still air, because of the instability induced by an inflectional velocity profile inside the liquid sheet (4) - (6) . The wave is formed because amplified unstable disturbances inside the liquid sheet distort both liquid surfaces. Hence, we call the wave "disturbance wave (D wave)". We have also clarified that the amplitude of the D wave increases downstream and the three-dimensional deformation of the D wave leads to a laminar-turbulent transition (7) . The turbulence, immediately after the transition, perforates the liquid sheet ( Fig. 1 (a) ) (7) , (8) . At a large Reynolds number, the liquid sheet disintegrates into drops owing to countless perforations ( Fig. 1 (b) ). However, a comprehensive understanding of the growth and three-dimensional deformation of the D wave is still lacking. The aim of this study is to clarify these processes.
Incidentally, in the studies on the instability of a liquid sheet with a uniform velocity profile inside a liquid sheet, spray nozzles are vibrated in order to excite perfectly periodical disturbances (9) . However, this vibration method cannot be applied to the excitation of the D wave because the frequency of the D wave is beyond 10 kHz. Therefore, we used a supersonic wave for such excitation. In this study, we observed D waves excited by supersonic waves in detail and calculated the growth of unstable disturbances inside the liquid sheet on the basis of a linear stability theory in order to investigate the growth of the D waves and determine their most effective excitation frequency. To the author's knowledge, there is no investigation on the growth or three-dimensional deformation of waves induced by an inflectional velocity profile and excited by a supersonic wave.
Experimental Apparatus
The experimental apparatus used is illustrated in Fig. 2 . A radial liquid film was produced on a disk by the spreading out of tap water from a small gap between a disk and a nozzle. The gap, the diameter of the disk and the inner diameter of the nozzle were selected to be 0.15, 60 and 25 mm, respectively. In the liquid film on the disk, a laminar velocity profile develops up to liquid surface. After the liquid film with the fully developed laminar velocity profile left from the disk edge, a radial liquid sheet is formed. In the radial liquid sheet, a velocity profile varies from the laminar velocity profile to an inflectional velocity profile owing to the release from adhesion to the disk surface. This liquid sheet is unstable and a D wave appears because of the amplification of disturbances in the liquid sheet.
We set up a strobe beneath the liquid sheet and took photographs of the features of the liquid sheet with a still camera located above the liquid sheet. We also set up supersonic wave generators directly above the disk edge at a distance of 5 cm in order to excite a D wave. Table 1 shows specifications of the supersonic wave generators. The acoustic pressures listed in Table 1 were measured with a sound level meter (Rion NA80) located at a distance of 5 cm from the supersonic wave generators.
Discharge Reynolds number Re = Q/(CDH) 1/2 ν was Table 1 Specifications of supersonic wave generators defined to specify flow conditions. Here, Q is the volume flow rate, C is the coefficient of discharge, D is the inner diameter of the nozzle, H is the gap between the nozzle and the disk, and ν is the kinematic viscosity. The coefficient of discharge C was defined by C = Q/πDH(2P/ρ) 1/2 , where P is the stagnation pressure at the center of the disk and ρ is the water density. The stagnation pressure P was estimated from a static pressure measured at a point 650 mm upstream from the tip of the nozzle.
Stability Analysis
The spatial growth of a disturbance inside a radial liquid sheet was analyzed on the basis of the spatial-growth linear stability theory that we have already reported (7) . The theory of stability decomposes a motion into a mean flow and a disturbance superimposed on it. In order to estimate the mean flow, liquid sheet thickness and surface velocity at the disk edge were evaluated using the velocity profile along a disk proposed by Watson (4) , (10) , and then the velocity profile inside a radial liquid sheet at each radial location was calculated using Lienhard's method (7) , (11) . For the stability analysis, the flow was approximated by two-dimensional parallel flow. Let us introduce a coordinate system with the origin assigned at the disk edge and designate radial and vertical components as x and z, respectively. The stream function ψ of the disturbance can be written in the form,
where t is time, φ(z) is the amplitude function, f is the frequency of disturbance, and α(= α r + iα i ) is the complex wave number; real part α r indicates the wave number of disturbance, and the imaginary part α i indicates the spatial damping factor (−α i is the spatial growth rate). The spatial growth rate −α i and wave number α r of the disturbance having a frequency f at a certain radial distance x from the disk edge are obtained by substituting the velocity profile at the x into the Orr-Sommerfelt equation (7) , which is a momentum equation of a disturbance expressed in terms of ψ. The spatial growth rate −α i depends on a radial location x because a velocity profile gradually changes downstream from the disk edge. Therefore, we calculated growth rate distributions −α i (x, f ) over f and x. The total growth amount γ of the disturbance at x is expressed as follows by the integration of −α i (x, f ).
The total growth amount γ indicates that a disturbance becomes e γ times as strong as the initial disturbance at the disk edge. The total growth amount γ depends on f and becomes maximal at a certain frequency f . Therefore, we compared the frequency at which γ was maximal with the excitation frequency. Figure 3 (a) -(c) shows features of the liquid sheets without excitation at Re = 8.8×10
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1 Features of liquid sheet
4 , 1.4×10 5 and 1.7×10 5 , respectively. The scales on the top of the figures indicate distances x from disk edges and white circular arcs indicate disk edges. We estimated the thicknesses and surface velocities of the liquid sheets at disk edges in Fig. 3 (a) -(c) to be 78, 67 and 65 µm and 13.7, 24.2 and 32.0 m/s, respectively, assuming the velocity profiles of liquid films along disks to be Watson's velocity profiles (4) , (10) . Figure 3 (a) shows that a D wave appears at x = 1 mm and grows downstream (arrow a). The D wave breaks down at x = 4 mm and microgranular waves, which look dark, begin to appear because of a laminar-turbulent transition (arrow b). The microgranular waves are concentrated in the shape of wavy lines in a downstream direction at 5 mm < x < 8 mm, and the concentration of the microgranular waves creates streak structures (arrow c). However, the streak structures vanish more downstream because the microgranular waves change to sluggish waves. The form of the streak structures depends on Re. In Fig. 3 (b) , outlines of streak structures are sharp and maintain their sharpness until x = 12 mm at a high Re. In addition, the liquid sheet is perforated owing to the thinning of the parts between the enhanced streak structures (arrow d). In Fig. 3 (c) , these thin parts are perforated frequently at an extremely high Re.
Incidentally, a D wave is formed because disturbances In other words, a D wave is not monotone. Thus, we attempted to excite a strong disturbance having a single frequency using a supersonic wave to enhance the periodicity of the D wave. Periodical D waves excited by supersonic waves are shown in Fig. 4 . Supersonic waves of frequencies f s = 40, 80 and 110 kHz lead to periodic D waves at Re = 8.8 × 10 4 , 1.4 × 10 5 and 1.7 × 10 5 , respectively. In particular, the ridges of a D wave in Fig. 4 (a) almost look like concentric circles (arrow a). Namely, the symmetry and periodicity of the D wave are dramatically improved. In addition, the outlines of streak structures are not as clear as those in Fig. 3 (a) , and the shape of the streak structures becomes a straight line rather than a wavy line (arrow b). Similar D wave changes are also observed in Fig. 4 (b) and (c), though these changes are not as pronounced as that in Fig. 4 (a) . This is due to weak acoustic pressures of the supersonic waves of 80 kHz and 110 kHz (refer to Table 1 ).
The change of a D wave by excitation also depended on the location of a supersonic generator. The change of a D wave was most pronounced when a supersonic generator was located directly above the disk edge while a more downstream or more upstream location of a supersonic generator made the change less pronounced. This suggests that a supersonic wave is accepted as a disturbance inside a liquid sheet at the disk edge.
2 Laminar-turbulent transition
We stated that a supersonic wave can excite a highly periodical D wave in the previous section. In this section, we consider the dependence of the excitation effect on Re Before the comparison of excitation effects depending on Re, let us consider a general transition without a supersonic wave on the basis of the upper photograph of Fig. 5 (b) . The flow maintains laminar up to x = 1 mm and a D wave appears at about x = 1 mm. Although the D wave propagates roughly concentrically, curvatures (arrow a) and breaks (arrow b) of the ridge of the D wave are observed. In particular, the amplitude of the D wave increases rapidly at the curvatures and breaks. Consequently, the D wave is deformed three-dimensionally (arrow c) and then microgranular waves arise downstream. The concentration of the microgranular waves after the locally rapid growth of the D wave produces streak structures (arrow d). This implies that the turbulence after the transition becomes locally stronger owing to the strong shear field produced by the three-dimensional deformation of a D wave.
An enlarged photograph of a flow at the disk edge shown in Fig. 6 reveals the origin of the curvatures and breaks of a D wave. In Fig. 6 , several streaky shades appear because of liquid sheet thickness nonuniformity. The similar shade pointed by "arrow e" in Fig. 5 (b) leads to the curvatures and breaks of a D wave and form streak structures. Namely, the streak structures are formed by the three-dimensional deformation of a D wave induced by liquid sheet thickness nonuniformity. On the other hand, the lower photograph in Fig. 5 (b) shows that the curvatures and breaks of a D wave are depressed by a supersonic wave (arrow f) even if streaky shades still appear (arrow g). We infer that the rare curvatures and breaks are attributed to the strong periodic disturbance excited by a supersonic wave. However, at x = 3 ∼ 4 mm, the amplitude of a D wave varies periodically in the circumferential direction, and then the D wave deforms three-dimensionally like beads (arrow h). This suggests that the D wave becomes unstable threedimensionally when its amplitude exceeds a critical value, even if an incipient D wave is axially symmetric. In this case, the microgranular waves are not markedly concentrated after the three-dimensional deformation of the D wave. As a consequence, the outlines of streak structures are not clear. This implies that the three-dimensional deformation of the D wave becomes weaker owing to the strong periodic disturbance excited by a supersonic wave.
These changes by a supersonic wave occurred in the range from Re = 8.0 × 10 4 to 1.0 × 10 5 . However, upper photographs in Fig. 5 (a) and (c) demonstrate that these changes do not occur at Re = 7.5 × 10 4 and 1.2 × 10 5 . This difference is explained by the distributions of total growth amount γ among frequencies f at several x values in Fig. 7 (a) -(c) . In Fig. 7 (a) or (c) , the frequency at which total growth amount γ is maximum is different from the supersonic wave frequency (40 kHz). In these cases, the natural disturbance having the maximum total growth amount γ is amplified most effectively among various natural disturbances having different frequencies. On the other hand, in Fig. 7 (b) , the disturbance excited by the supersonic wave is amplified most effectively because the frequency at which the total growth amount γ is maximum agrees with the supersonic wave frequency (40 kHz). In other words, the type of transition is varied when the disturbance excited by a supersonic wave is much stronger than natural disturbances.
Conclusion
We observed the growth of a D wave induced by an inflectional velocity profile inside a radial liquid sheet in detail. We revealed that the curvatures and breaks of D wave ridges are induced by the liquid sheet thickness nonuniformity and result in the locally rapid growth of the D wave. Namely, the three-dimensional deformation of the D wave is due to the liquid sheet thickness nonuniformity. In contrast, we also revealed that the curvatures and breaks are depressed by a supersonic wave and that the three-dimensional deformation of the axially symmetric D wave is induced by a periodical amplitude variation in the circumferential direction. These results suggest that a liquid sheet with an inflectional velocity profile is unstable three-dimensionally and that the amplification of slight liquid sheet nonuniformity leads to a complex liquid sheet deformation.
